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I. INTRODUCTION
Solid state quantum electronics has received increasing interest in the last 20 years with the prospect of a new class of high speed and high functionality devices. A wide variety of structures whose operation principle relies on quantum effects, tunneling, or wave interference, has thus been studied both experimentally and theoretically. 1 In this context, particular interest has been devoted to quantum waveguide based devices with the demonstration of conductance quantization at low temperatures for an uniform quantum waveguide. 2 Since this first experimental evidence, a lot of experimental and theoretical works can be found in the literature. The basic idea is to reproduce the passive properties of a classical microwave electromagnetic waveguide in the field of quantum mechanics. These structures are often based on the local constriction by means of split gates of the two dimensional electron gas of a very high mobility heterostructure where electron transport can be considered to be ballistic at low temperatures. 3, 4 Since the transport properties are solely determined by the device geometry, new degrees of freedom are afforded to the designers compared to microwave components. Indeed, electrical properties become controllable as for a three terminal device by the bias voltage applied to the surface gates and/or by the potential difference between the chemical potentials of the input and output terminals of the devices. Based on these principles, different structures, for example T-stub, 5, 6 Y-branch, 7 rings, 8, 9 crosses, 10 and couplers, [11] [12] [13] [14] [15] [16] have been proposed in order to drive ''at will'' an electronic stream with the aim of fabricating quantum transistors, electronic switches, or multiplexers.
Up to now, most of the theoretical works published in the literature have focused on the conductance properties, calculated by solving the two dimensional ͑2D͒ Schrödinger equation by means of Green's function approaches or modematching techniques, [17] [18] [19] [20] [21] [22] [23] under the assumption of a quasithermal equilibrium between the device terminals. At very low temperatures, this means that only monoenergetic electron streams which interfere within the microstructure are injected within the active region of the device. In this article, our goal is to derive current-voltage characteristics of such devices, not only as a function of the injected electron energy but also when terminals are driven far out of thermal equilibrium. Therefore, a finite-element method to solve the Schrödinger equation has been developed for arbitrary potential profile. Boundary conditions assume perfect waveguides ͑square or parabolic͒ where the wave function is exactly known and can handle multimode injection and collection regimes. By these means, the negative differential conductance and space lateral transfer effects are addressed in a single branch line quantum coupler.
The article is organized as follows: Section II gives a description of the numerical tool developed. The results concerning the conduction characteristics are analyzed in Sec. III. Some design rules are discussed in Sec. IV together with temperature variation of conduction characteristics. Section V contains concluding remarks.
II. NUMERICAL PROCEDURE
We assume that the ͑2D͒ electron gas has already been formed and that the 2D confining geometry, consisting of an a͒ Author to whom correspondence should be addressed. Electronic mail: olivier.vanbesien@iemn.univ-lille1.fr ''active region ⍀ 0 '' and ports ⍀ 1 ....⍀ N , is given ͑Fig. 1͒. Then we solve the Schrödinger equation for an arbitrary energy on ⍀ 0 , supplemented with the quantum transmitting boundary method. 24, 25 We briefly recall the equation and the finite element discretization.
The wave function is determined by the timeindependent Schrödinger equation:
where E is the energy, m* is the effective mass, q the electron charge ͑positive͒, and V the potential. In each region ⍀ j , the transversal and longitudinal coordinates are respectively j , j ͑see the lead 1 in Fig. 1͒ . The wave function is given in the port ⍀ j by
where m j is the mth eigenstate with eigenvalue E m j of the 1D time independent Schrödinger equation associated with the transversal direction of the lead j. In the present work we consider square potentials in the leads ͑a parabolic potential has also been considered but not presented here͒.
The wave vector k m j is given by
The a m j are coefficients of incoming modes, b m j are the coefficients of outgoing modes or vanishing modes, and N j is the number of propagating waves such that
where a m j is replaced by 0 for vanishing modes and eliminating them by algebraic manipulations, the boundary condition on ⌿ is obtained at
In the ⌫ 0 interfaces the wave function vanishes because of the infinite wall potential assumption ⌿ϭ0 on ⌫ 0 . ͑7͒
In order to solve the weak variational form of the obtained problem, Eqs. ͑1͒, ͑6͒ and ͑7͒, we use a P 1 finite element method. We note uϭ(u1,...u n ) the vector of the ͑unknown͒ nodal values of corresponding to a given mesh by
where N i is the P 1 basis function of the i node with N i (r j ) ϭ␦ i, j ͑r j is the position of the j node͒.
The system to be solved is
where
and
The linear system is solved by a quasiminimal residual procedure exploiting the symmetric character of the matrix. 26, 27 The electrostatic potential needed for computing the values of is first computed from the Poisson equation by a finite element method on the same grid. In the present work, the Poisson equation is solved first and the potential kept constant for Schrödinger resolution. A full threedimensional code, taking into account space charge effect in a self-consistent fashion, is under development and will be described elsewhere. Nevertheless, it is believed that our assumption is sufficient to give general trends and a qualitative analysis of operating modes in such quantum waveguide multiport devices. In our simulation, we consider only one incoming wave at port 1 in the first mode such that a m j ϭ0 if m 1 and j 1 and apply the same voltage V p in ports 2, 3 and 4. Reference Vϭ0 is taken at port 1.
The total transmission coefficient in the output ports j( j 1) is given with Eq. ͑5͒ by
͑11͒
We note in this equation that we can obtain ͑without the sum on m͒ the transmission for each mode m and therefore study the multimodal transmission. The electric current is given by
where f (E) is the Fermi-Dirac distribution function
and where E F is the Fermi level. At absolute zero, this reduces to
III. NUMERICAL RESULTS

A. Structure design
To illustrate the various ballistic conduction regimes in quantum waveguide based devices, we make use of a four port structure whose schematic is given in Fig. 2͑a͒ . We assume that the structure is designed in the two dimensional gas of a GaAs based high mobility heterostructure ͑effective mass for electrons is 0.067m e , where m e is the free electron mass͒. The single branch coupler consists of two parallel waveguides of width L w interconnected by a branch line of width w c and length L c .
Conductance properties of such a structure under equilibrium conditions have been previously studied. 29, 30 In brief, we have shown that it was necessary to support a monomode propagation regime in the emitter waveguide ͑port 1͒ and a multimode propagation regime within the branch line in order to obtain highly nonlinear conduction processes and significant directional coupling between the two parallel waveguides. This means that w c has to be chosen larger than L w . Under these conditions, space lateral transfers can take place either toward port 3 or port 4 depending on the coupling branch length L c . In our case, the structure is designed to promote a ''backward'' operating mode, that is to say a quasifull transfer of the incident electron stream with a reversal of the propagation direction from port 1 to port 4. For the dimensions this leads to L c ϭ20 nm and w c ϭ30 nm for L w ϭ20 nm. Figure 3 shows a 3D view of the transmission spectra for an incident electron toward the three output ports as a function of the electron energy and of the bias voltage applied to ports 2, 3, and 4 where the ground potential reference is taken to zero in port 1, as illustrated in Fig. 2͑b͒ . To this aim, the 2D Poisson equation is solved first within the coupling region. We impose Dirichlet conditions at each port, respectively, 0 in port 1 and V p in ports 2, 3, and 4 and Neumann conditions are used elsewhere ͑assumption of hard walls͒. Second, the Schrödinger equation is solved using this potential as described in Sec. II. Let us mention that the plotted transmission spectra correspond to the total transmissions in the output ports, which includes all propagating modes in the corresponding channels when the device is biased. Also, transmission starts for a value of 14.1 meV, which is the ground propagating mode energy for a channel of 20 nm.
B. Transmission spectra
In Fig. 3͑a͒ one can note successive maxima and minima as a function of energy for zero bias voltage. Each minimum corresponds to a quasibound state of the coupling region including the branch line and the crossing region with the two parallel waveguides. For these particular energies, one can note in Figs. 3͑b͒ and 3͑c͒ an increase of the transmission values in the coupled waveguide. More precisely, a value very close to unity is obtained in port 4, whereas the transmission remains at quite low values in port 3. As the applied voltage is increased, one can see that all peaks are shifted toward lower energies. This shift is accompanied with a decrease in height as it is the case for a resonant tunneling process in a double barrier diode. Indeed, the transfer process is quite similar with two zones of different dimensionalities interconnected, a 3D emitter and a 2D well for a double barrier diode, 31 and here, 1D waveguides connected to a quasi-0D coupling region.
In addition to this is the splitting of the peak which is well defined in Fig. 3͑b͒ and less pronounced is Fig. 3͑c͒ . This is due to a breaking of symmetry of the structure under bias. Being equal at equilibrium, the potential profiles in the two interconnecting regions in the vicinities of the terminals start to deviate as applied voltage is increased, since ports 3 and 4 support both the entire bias voltage, whereas only port 2 is biased with reference to port 1. This difference in the potential shape, which increases with voltage, is responsible for a slight change in the confinement conditions of these two regions and thus leads to an energy splitting of the corresponding peak. This effect will be dependent of the value of electron probability (͉͉ 2 ) of the corresponding quasibound state at equilibrium. Hence, the stronger the accumulation, the larger the splitting.
One can also see that the strongest modulations of transmissions are obtained when propagation is monomode in the four ports. As soon as a bimode operation occurs in the three output ports under bias, interference processes leads to a degradation of coupling properties with the result of a high transmission level toward port 2. This is a well known property of multiport waveguide based structures, either optical or electromagnetic based. Indeed, due to dispersion effects, the waves are traveling at different velocities and it is preferable to work under a monomode propagation regime.
As a last comment in this section, let us mention that some calculations have also been performed under the assumption of a voltage drop supported by the coupling region and also within the four terminals over 20 nm. As an example, we report in Fig. 4 , the transmission spectrum towards port 4 obtained in this case. An equivalent behavior is obtained compared to the previous case except for the value of the transmission peak, which remains at a very high level irrespective of the applied bias voltage. This can be readily explained by the fact that the coupling region is here less affected by the applied bias and exhibits roughly the same confinement conditions in all cases. Consequently, the transfer through the quasibound state remains efficient, whereas transmission towards port 2 and 3 remains at relatively low values.
This last effect, even if it does not change the results qualitatively, highlights a real challenge towards an accurate description of ballistic transport in these low dimensional devices. In a real structure, the four terminals are connected to electron reservoirs at thermal equilibrium. Space charge effects must then take place both in the connecting waveguides and in the coupling region. To include these effects into the simulation, we thus need an accurate description of carrier concentrations throughout the device. This is a considerable task that is at the present time under investigation. However, our approach shows that the nonlinear properties are conserved either if we consider a flat potential in the terminals ͑the case of a high electronic density as in the reservoirs͒ or with a linear potential drop within the connecting waveguides ͑the case of a zero electron density͒. As we will show in Sec. III C, the quantitative results depend on these space charge effects, but qualitatively the operating modes, that we will define, exist in all cases.
C. Current-voltage characteristics at 0 K
Here, our goal is to determine to what extent the nonlinear conductance characteristics ͑which are equivalent to the transmission values in units of 2e
2 /h at 0 K under equilibrium conditions͒ are influenced and can be exploited for original applications. Two types of driving process can be considered for such devices. On one hand, confinement conditions within the active region can be modified by biasing the surface gates, which results in a shrinking or widening of quantum waveguides. In a first approach, we have chosen to describe this effect by a variation of the Fermi level within the terminals. This yields a modulation of the energy range of the injected carriers, which can be at first order considered equivalent to a shift in the energy of the ground propagating mode at a fixed Fermi level. On the other hand, one can drive the device at fixed Fermi levels in the input and output ports with a independent biasing of the latter. Figure 5 gives the current-voltage characteristics calculated at 0 K for the three output ports ͑J 12 , J 13 , and J 14 ͒ using the procedure described in Sec. II. These results corresponds to the transmission spectra displayed in Fig. 3 .
First, one can observe in Fig. 5͑c͒ that a strong nonlinearity can be obtained for J 14 with the existence of a pronounced negative differential conductance ͑NDC͒ regime for a wide range of emitter Fermi levels. The maximum current is of the order of a few hundred of nanoamps and a current contrast close to 6:1 can be achieved. This result is the direct consequence of the existence of the quasibound state in the coupling region as explained in the previous paragraph. Resonant tunneling occurs as the quasibound state crosses the filled states of the emitting waveguide, whereas free states are available in the output port due to the shift to lower energies of the Fermi level of port 4 induced by bias voltage. At port 3, J 13 appears quite monotonic with smooth modulations as the injection energy is increased.
Conversely, higher current values are obtained at port 2 which reach a few A's as injection energy and bias voltage are increased. As outlined in Sec. III A, this stems from the high mean value of transmission coefficient as soon as propagation becomes multimode in the output ports. However, strong current modulations are also obtained for lower injection energies ͑not apparent in the figure due to the chosen scale͒ with a multi-NDC regime. This is exemplified in Fig. 6 which gives the current characteristics at the three output ports as a function of the bias voltage for an injection energy of 15 meV very close to the energy threshold for propagation within the terminals. In 2 and 4. From these different curves, one can derive different operating modes for the single branch line coupler. First, the system can be considered as a current divider if the device is driven with a bias voltage close to 18 mV. Currents in ports 2 and 4 are equal, whereas the current in port 3 is kept to a very low value ͑current contrast in excess of 30:1͒. Second, the single branch coupler can be used as a resonant diplexer if the applied voltage is switched, for example between 10 and 20 mV or between 20 and 30 mV, with electron fluxes driven preferably toward ports 2 or 4 ͑lateral transfer with a reversal in propagation direction͒. The current contrast in this case is higher than 3:1, which could be enough to switch a low consumption logical gate placed after the coupler.
As the injection energy is increased to 20 meV ͑Fig. 7͒, one can note that these operating modes can be preserved but with a degradation in the achievable current contrasts. This is easily explained by the increase of the integration domain, which tends to smooth all the characteristics. However, higher currents can be obtained, e.g., up to few hundred nA. As we will see in Sec. IV, optimization of the transmission characteristics appears necessary if one wants to preserve very selective processes with reasonable current values.
As we have chosen here to drive the device as a function of the applied bias voltages, let us mention that the same trends would have been obtained for a fixed bias operation and a geometrical change induced by split gate polarization ͑i.e., a modulation between the emitter Fermi level and the ground propagating state in the input and output terminals͒. Indeed, it can be seen in Fig. 4 that the same behavior is obtained as a function of the emitter Fermi level. Very selective processes are obtained for low bias voltages, typically 1 meV, whereas out of resonance contributions increases very rapidly with the applied bias. The current nonlinearities obtained are of the same order of magnitude whatever the driving procedure.
IV. DISCUSSION
At this stage, it should be mentioned that the application examples given above are not optimal ones. Indeed, we have chosen a simple coupling scheme to illustrate the potential of the numerical code developed and no optimization of the relevant dimensions has been performed. For the design of such wave interference devices, common features with other areas of physics can be found. Let us mention, for example, the field of photonic band gap devices where efforts are also being made to develop active waveguide based devices able to compete with classical electromagnetic waveguides. 32, 33 The goal is to achieve very high frequency operations, namely millimeter and submillimeter wavelengths. Several designs including double branch coupling scheme or multistub branches are currently studied in order to drive ''at will'' the electromagnetic stream toward a selected output port. As an example, a double interconnected branch structure in which each branch consists of a multistub arrangement is allowed to couple with 100% efficiency port 1 to one of the ports of the coupled waveguide, whereas transmission is minimized within the other ports. The same kinds of efforts can be undertaken in the field of quantum interference devices as it has been shown by several authors on the basis of conductance characteristics calculated under thermal equilibrium conditions.
Another key parameter for the practical use of these quantum interference based nanostructures is the robustness with temperature of the current nonlinearities. 34 Figure 8 gives the current-voltage characteristics at ports 2 and 4 of the single branch coupler for an emitter Fermi level of 15 meV as a function of bias voltage and temperature. At 0 K, the curves are similar to those obtained in Fig. 6 . First, one should note that the mean current is increased with temperature. Also at port 2 ͓Fig. 8͑a͔͒, negative differential conductance regimes are completely lost above 40 K to reach a stairlike evolution. Indeed above 40 K, due to thermal activation, the energy separation between two successive maxima in the transmission spectra ͓see Fig. 3͑a͔͒ becomes too small compared to the integration domain. Out of resonance contributions reach the same order of magnitude as resonant ones. Indeed, at 40 K(kTϳ3.3 meV), the Fermi function begins to encompass the next resonance in the transmission spectrum at port 2 ͑backward case͒. However, at port 4 ͓Fig. 8͑b͔͒, the resonant behavior is preserved up to quite high temperatures, higher than 100 K, with a peak current close to 100 nA, although it is accompanied by a decrease of the current contrast which drops from 6:1 at 0 K down to about 2:1 at 100 K. This is due to the fact that in this case no other significant transmission values can be found in the transmission spectrum ͓see Fig. 3͑c͔͒ . By considering these results, in terms of current at ports 2 and 4, a 3 dB coupling can be preserved up to 40 K for a bias voltage of 20 mV, whereas the current at port 3 remains at low values. As mentioned previously, optimization of the coupling region needs to be undertaken if an increase of operating temperature of the device is imperative. Another possibility is a decrease of the active zone dimensions. In both cases we face some difficulties, namely the requirement of a ballistic transport over a sufficient length at increasing temperature, and the technological limitations of fabrication for such mesoscopic devices. Moreover, new solutions must be studied, for example by means of epitaxial regrowth, since electric field screening lengths must be also considered in the waveguide formation when split-gate techniques on high mobility heterostructures are used.
V. CONCLUSION
To summarize, we have presented an original and fast technique to calculate transmission properties and currentvoltage characteristics of quantum waveguide based structures. The 2D Schrödinger equation is solved using a finite element method for arbitrary potential shapes as soon as feeding and collection of carriers is ensured by perfect, square, or parabolic, quantum waveguides. The code can cope with geometrical changes, applied voltage at the boundaries and finite temperature effects. The code has been applied to the study of real space transfer and negative differential conductance regimes in a single branch coupler. Different operating modes such as a resonant switch and hybrid coupling have been investigated by studying the current-voltage characteristics at each port of the device. The persistence of the nonlinear effects with temperature have been considered and some design rules have been underlined to optimize device performances. It is believed that such numerical tools will be of importance in order to help the design of new nanostructures for high-frequency applications. Further developments, which will be presented elsewhere, are currently under investigation in order to couple the system with the Poisson equation in order to accommodate space charge effects. Moreover, the development of a 3D code which could describe with accuracy the geometrical changes within the 2D electron gas of the high mobility heterostructure induced by surface gates, excluded up to now, is also under investigation.
